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The E33 and E44 optical transitions of small diameter �0.7–1.2 nm� semiconducting single-walled carbon
nanotubes are probed using deep blue �415–465 nm� resonance Raman spectroscopy and photoluminescence
excitation spectroscopy in the UV and blue regions �280–488 nm�. Individual radial breathing mode features,
as well as Raman and photoluminescence excitation maxima, are assigned to specific nanotube chiralities. The
chiral angle dependence of Raman intensity within a given 2n+m branch is found to continue, as does the trend
toward increased excitation linewidths and weaker Raman intensities as higher lying transitions are accessed.
The semiconducting E33 and E44 transition energies obtained for the largest observed diameters confirm recent
results �P. T. Araujo et al., Phys. Rev. Lett. 98, 067401 �2007�� that show that these transitions reside on a
blueshifted scaling-law line, separate from that describing E11 and E22 behaviors. Energies for nanotubes with
diameter less than 0.9 nm, however, are not explained by any previous scaling-law fits. This behavior at small
diameters is interpreted in terms of both a crossing over of the E33 and E44 energy trend lines for a given 2n+m
branch and a chirality dependence in the many-body exciton effects that becomes significant at high curvatures.
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I. INTRODUCTION

Advances in photoluminescence excitation �PLE� and
resonance Raman spectroscopy of single-walled carbon
nanotubes have led to definitive assignment of electronic and
vibrational spectral features to their corresponding nanotube
chiralities. The assignments are facilitated by the occurrence
of patterns that group the PLE1 or Raman radial breathing
mode �RBM�2–5 spectral features according to similar 2n
+m “branches.” Individual features may thus be paired un-
ambiguously with their corresponding nanotube structural in-
dices �n ,m�. These assignments have led to the development
of useful semiempirical formulas for the calculation of E11
and E22 transition energies for semiconducting1,5,6 and
metallic5,7 nanotube types. Experimentally based Kataura
plots8 of transition energy as a function of nanotube diameter
or RBM frequency have also resulted.3–6,9,10

Such accurate assignments and development of the ex-
perimentally based Kataura plots are of great utility for char-
acterizing nanotube sample composition and are important
aids for the development of methods for selective synthesis,
understanding of selective reaction chemistry and separa-
tions, as well as for understanding chirality-dependent effects
on a variety of nanotube photophysical behaviors. The ex-
perimental energies and Kataura plots have guided theoreti-
cal efforts at describing energies and electronic structure
based on an excitonic description.11–18 Incorporation of the
relevant many-body effects into an extended tight binding
description of nanotube electronic structure now yields good
agreement with observed E11 and E22 values.16,19

Extending optical studies into the higher lying E33 and E44
transitions is of interest for both theoretical and applied rea-
sons. This is an important excitation region for sample char-
acterization via Raman since commonly used visible excita-
tion lines �e.g., 532, 514, and 488 nm� are capable of

accessing this region, particularly for the larger diameter
nanotubes generated by chemical vapor deposition,20,21

laser-oven,22,23 and vertical-array24,25 growth methods com-
monly used for producing nanotubes for a wide range of
electronics and materials applications. To better understand
the electronic, optical, and materials properties of such nano-
tubes, it is necessary to correlate their behaviors to the struc-
ture. This requires accurate Kataura plots covering the E33
and E44 transition regions, similar to those now available for
the lower lying E11 and E22 transitions. Analogously to the
lower energy transitions, it will also be important to deter-
mine if accurate semiempirical or even first-principles ana-
lytical expressions can be developed for facile assignment of
spectroscopic features in PLE and RBM spectra. From a
more fundamental standpoint, expanded studies of the E33
and E44 region are necessary for developing a more complete
understanding of the underlying electronic structure at higher
energies. Such studies, for example, will allow the assess-
ment of whether or not trends observed in excitonic behavior
and exciton-phonon coupling continue at higher energies.

Recent resonance Raman work by Araujo et al.10 has
probed the E33 and E44 transitions for a large number of
nanotube chiralities in the 1.1–2.3 nm diameter �dt� range.
The observed transition energies were described in terms of a
nonlinear scaling law analysis that accounts for many-body
exciton effects.12,15,19 It was demonstrated that distinctly dif-
ferent behavior is observed for the E33 and E44 transitions, in
comparison to those for E11 and E22.

10 Similar results on a
small set of index-identified single nanotubes in the diameter
range of 1.4–2.4 nm have been reported more recently.26

The 1 /dt dependence observed in the deviation between the
higher and lower transitions points to a change in excitonic
behavior at higher energies. The results of Araujo et al. have
produced new physical insight into the behavior of the higher
lying transitions in carbon nanotubes, with these results ulti-
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mately demonstrating that the E33 and E44 transitions cannot
be described by simple extensions of E11 and E22 patterns.
Additionally, those results have shown that the nonlinear
scaling laws can be used as an accurate basis for calculating
Kataura plots useful for identifying spectral features at these
higher energies.

It remains an open question, however, whether or not the
large diameter E33 and E44 scaling-law behavior holds for
smaller diameter nanotubes. In general, such highly curved
nanotubes are known to display unique behaviors not ob-
served for large diameters. For example, trigonal warping
and curvature effects on observed transition energies become
much more pronounced at smaller diameters.27,28 RBM fre-
quencies also begin to show deviations from expected trends
near the small diameter limit.2,19,29 It is therefore important
to probe how E33 and E44 respond at small diameters as well.
We present here resonance Raman excitation results for
small diameter �0.7–1.2 nm� high pressure CO �HiPco�-
produced nanotubes, in the region of 415–465 nm excita-
tion. To complement the Raman data, we also present PLE
data covering the region of 280 nm to 488 nm excitation.
The blue and UV excitation results allow the assignment of
41 E33 and E44 spectral features to specific nanotube chirali-
ties. Further analysis of the data confirms that trends in ex-
citation linewidth and exciton-phonon coupling dependent
intensities observed at lower energies continue into the
higher lying transitions. However, we find that transition en-
ergies for nanotubes with diameter less than 0.9 nm are not
well modeled by any previous scaling-law fits. We find that
this behavior at small diameters can be explained in terms of
both a crossing over of the E33 and E44 energy trend lines
within a given 2n+m branch and a chirality dependence of
many-body exciton effects that becomes significant at small
diameters.

II. EXPERIMENT

Spectra were obtained from aqueous suspensions of as-
produced HiPco nanotubes �Rice University batch HPR-
120.5�. We added 20 mg of raw nanotubes to 100 ml of 1%
by weight sodium dodecyl sulfate in D2O. These were dis-
persed by shear mixing �10 min�, followed by ultrasonica-
tion �10 min at 500 W�. The resulting suspension was ultra-
centrifuged at 120 000 g for 4 h. Spectroscopic samples
were taken from the top 80% of the decant.

Resonance Raman spectroscopy was performed in a back-
scattering configuration with tunable dye laser excitation �us-
ing stilbene dye� scanned from 465 to 415 nm �2.67–2.99
eV� in 2 nm steps. Excitation power was maintained at
25 mW. Individual Stokes-shift spectra were obtained as
5 min integrations using a charge coupled device camera
mounted on a SPEX triple monochromator. The frequency of
each carbon nanotube spectrum was calibrated at each exci-
tation wavelength with the nonresonance Raman spectrum of
4-acetamidophenol. Intensities were corrected for instrument
response using a calibration curve obtained by fitting the
intensity versus excitation wavelength curve of
4-acetamidophenol with a third order polynomial function.
All Raman spectra were taken at room temperature and am-
bient pressure.

We acquired quantum-corrected two-dimensional �2D�
excitation-emission spectra of photoluminescence on a
Fluorolog-3-211 �HORIBA Jobin-Yvon�. Excitation light
with a 5 nm bandwidth in the wavelength range from
280 to 488 nm �4.43–2.54 eV� was obtained from a Xe
lamp using a double monochromator. Nanotube emission
was measured from 800 to 1570 nm with a single-channel
cooled InGaAs detector via a monochromator with 6 nm
bandpass. Spectra were acquired with 2 nm steps in both
excitation and emission wavelengths. Individual spectra were
acquired with 1 s per point integration times and were re-
peated, as required, to ensure reproducibility and to improve
signal to noise ratio.

III. RESULTS

A. Raman spectra

Raman spectra representative of those obtained across the
excitation range are shown in Fig. 1 for the RBM region of
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FIG. 1. Representative carbon nanotube RBM spectra for differ-
ent excitation wavelengths. Individual spectral intensities are nor-
malized with respect to the most intense peak in each spectrum for
clarity.
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the spectrum. Spectra show the oscillatory behavior observed
at lower excitation energies, for which features from differ-
ent 2n+m=const branches grow in and decay sequentially as
excitation energy is varied. Two main 2n+m branches are
observed in our data, centered at around 225 and 250 cm−1.
Additional features not associated with these two main
groupings are also observed, particularly at lower excitation
energies. Assignment of these features to specific chiralities
requires correlation of RBM frequencies to excitation ener-
gies and matching of the resultant branching patterns to the-
oretical expectations.

Spectral patterns arising from correlations of transition
energy to nanotube diameter or RBM frequency have been
instrumental in the assignment of spectral features to specific
�n ,m� designations.5,10 For example, RBM features belong-
ing to nanotubes of the same 2n+m=const branches show
“hooked” energy spread branching patterns resulting from
deviations of observed transition energies from an idealized
tight binding description of armchair energies. As one
progresses from the near-armchair chiralities to near-zigzag
chiralities within a given 2n+m branch, these deviations in-
crease, resulting in the familiar pattern. Such patterns are
readily observed when RBM frequencies are plotted against
excitation energy in a 2D intensity map and permit ready
grouping of individual features by branch. Such a plot is
shown in Fig. 2�a� for our Raman data. Figure 2�a� allows
one to conclude, for example, that the RBM features between
204 and 230 cm−1, in the excitation region of 2.7–2.85 eV,
belong to a single 2n+m branch. Another branch is clearly
delineated in the frequency range of 230–256 cm−1, for ex-
citation energies ranging from about 2.85 to 3 eV.

Our strategy for the assignment of the observed RBM
features to specific �n ,m� designations is to first compare the
experimental Kataura plot results of Fig. 2�a� to features ex-
pected from an extended tight binding �ETB� model30 that
incorporates many-body effects resulting from exciton
formation.16,19 Excellent agreement has been demonstrated
between the ETB model and E11 and E22 transition
energies.19 Patterns will be correlated between the two plots
to assign chiralities. In the event that multiple plausible
choices or overlapping of similar patterns exists for specific
RBM features, assignments will be made via reference to
other features occurring in the spectra to produce a globally
consistent comparison. Such an approach works best when
complete 2n+m branches are present for comparison. Thus,
the two main branches that we observe will be assigned first
and will then be used to anchor the spectral behavior for the
identification of the remaining features that are not clearly
linked to other branches �for example, the lone RBM feature
occurring at 193 cm−1 and centered at an excitation energy
near 2.86 eV�.

As a reference point for our assignments, a detail of the
ETB results for the region centered around our Raman exci-
tation energies is shown in Fig. 2�b�. Features found in this
plot belong primarily to E11

M , E33
S �both mod�n−m ,3�=1 and

2 types, referred to hereafter as “mod 1” and “mod 2,” re-
spectively� and E44

S �mod 2 type� transitions, where M and S
refer to metallic and semiconducting species, respectively.
Two branches �corresponding to E33

S transitions for 2n+m
=23 and 26� that appear in the ETB plot �highlighted by

dashed ellipses� are good candidates for the features ob-
served in the experimental data. Although the transition en-
ergies do not match, they are the only features in the ETB
plot with RBM frequencies that are well matched to the ex-
perimental frequencies. Additionally, the two branches in the
experimental data are separated in energy by the same rela-
tive amounts as the branches appearing in the ETB plot.
Thus, we assign the two branches centered at RBM frequen-
cies of 225 and 250 cm−1 to 2n+m=23 and 26, respectively.
The higher frequency RBMs in each branch correspond to
the near-zigzag chiralities, allowing the final assignment of
individual RBMs to specific chiralities, as shown in Table I.
The blueshift in E33

S transition energies from ETB expecta-
tions is consistent with the behavior previously observed10

and is discussed below.
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FIG. 2. �Color� �a� 2D intensity map showing RBM intensity
behavior as the excitation wavelength is changed. The map shows
grouping of the main RBM features into 2n+m=const branches. �b�
ETB predicted �Ref. 16� features within the same energy and RBM
frequency region for mod 2 semiconductors �E33 and E44, green
triangles�, mod 1 semiconductors �E33, blue circles�, and metallics
�E11, red squares�. The highlighted branches correspond to the ob-
served features in part �a� and in Fig. 1.
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The RBMs found at 286 and 305 cm−1 with lower energy
excitation �451–463 nm, see Fig. 1� are assigned to the E11

M

features circled in red in Fig. 2�b�. The observed frequencies
are an excellent match and, although we are unable to com-
plete the excitation profiles on the low energy side for these
species, the energy range over which we observe them is in
good agreement with the ETB-based Kataura plot �as ex-
pected for E11

M , see Ref. 10�. These features are therefore
assigned as the �6,6� and �7,4� nanotubes of the 2n+m=18
branch. This assignment is also consistent with previous
resonance Raman studies.5

Assignment of the 193 cm−1 RBM centered at �2.86 eV
excitation energy is more problematic. As seen in Fig. 2�b�,
there are several candidates corresponding to E33 or E44 ex-

citations of a number of mod 2 semiconducting chiralities
�green triangles� from the 2n+m=28 or 31 branches. The
closest in frequency are the �15,1�, �14,3�, and �10,8� chirali-
ties at 195.5, 193.3, and 194.5 cm−1, respectively. We assign
this feature as the �14,3� RBM due to its close match to both
the expected frequency and the relative position of its tran-
sition energy with respect to that for the 2n+m=23 and 26
branches �see also later discussion�.

Knowledge of which 2n+m branches are responsible for
the observed features in Fig. 2�a� gives direct information on
the number of chiralities, and their expected frequencies, that
should appear in the RBM spectrum for that branch. This
was used as an aid to guide the deconvolution of single RBM
spectra into their individual chirality components. Extraction
of the individual components allowed the construction of the
excitation profiles for each observed chirality. Example pro-
files for four species are shown in Fig. 3. The experimental
excitation profiles were then fit to the resonance Raman line
shape function for Stokes scattering,5,31,32

IRBM =
M

��Eii − Elaser�2 +
�2

4
���Eii − Elaser − ��RBM�2 +

�2

4
�

.

�1�

Here, M incorporates absorption and exciton-phonon cou-
pling matrix elements and sampling conditions, while Eii and
Elaser are transition and excitation energies, respectively. Fits
to Eq. �1� were performed with the RBM frequency ��RBM�
fixed to the experimental values and were used to extract the
values for the transition energy E33 and broadening factor
�33 as adjustable fitting parameters. The results are summa-
rized in Table I.

Finally, we plot in Fig. 4 the observed RBM frequencies
as a function of inverse diameter �dt� to obtain the coeffi-
cients A and B in the usual expression used to relate the two
parameters,
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FIG. 3. �Color online� Resonance Raman excitation profiles for
four selected nanotube chiralities. Lines are fits according to Eq. �1�
of the experimental data �dots�, from which � values are extracted:
�a� �13,0�, �=115meV; �b� �11,4�, �=130 meV; �c� �11,1�, �
=113 meV; �d� �14,3�, �=111 meV.

TABLE I. Observed values for RBM frequency ��RBM�, third
optical transition energy �E33�, and transition linewidths ��33� ob-
tained from the Raman data for a given �n ,m� chirality nanotube
with diameter dt and chiral angle �.

�n ,m�
dt

�nm�
�

�deg�
�RBM

�cm−1�
E33

�eV�
�33

�meV�

�13,0� 1.231 0 230 2.72 115

�12,2� 1.027 7.59 228 2.73 123

�11,4� 1.054 14.92 224 2.78 130

�10,6� 1.097 21.79 216 2.81 118

�9,8� 1.154 28.05 204 2.81 115

�11,1� 0.903 4.31 256 2.88 113

�10,3� 0.924 12.73 251

�9,5� 0.965 20.63 242

�8,7� 1.018 27.8 230

�14,3� 1.231 9.52 193 2.86a 111

aEnergy is for E44 �see discussion�.
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FIG. 4. Plot of RBM frequency as a function of inverse nano-
tube diameter �1 /d�. The line is a linear fit to the experimental data
points �squares�, yielding the parameters A=219.3 nm cm−1 and B
=14.7 cm−1 from Eq. �2�.
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�RBM = A/dt + B . �2�

A best fit line to the experimental data yields A
=219.3 nm cm−1 and B=14.7 cm−1, in accord with other val-
ues reported in the literature.5,10 The excellent linear fit pro-
vides additional confidence that our chosen �n ,m� assign-
ments are correct.

B. Photoluminescence excitation spectra

A 2D PLE intensity map for our sample is shown in Fig.
5. The branching patterns observed in the analogous Raman
excitation plot are not as well defined for the PLE map due
to the density of spectral features occurring over most of this
energy region. However, we were still able to make defini-
tive assignments for 31 E33 and E44 spectral features.

PL features were assigned by first identifying their E11
emission energy. For each emission energy corresponding to
a PL feature, an exhaustive list of possible �n ,m� assign-
ments was generated from empirical predictions based on
fitted PLE data.6 Certain chiralities �such as the �6,5�, �8,6�,
�8,7�, �9,7�, and others� have E11 emission energies that are
well isolated from other chiralities such that only one �n ,m�
is possible, allowing both the E33 and E44 excitation energies
to be unambiguously assigned for them. In cases where the
emission energy was not sufficiently isolated as to result in
only one �n ,m�, the list of possible �n ,m� assignments was
compared to the known �n ,m� chiralities present in this par-
ticular sample, as determined by PLE spectroscopy via E22
excitation. This list of known chiralities was used to con-
strain the possible assignments for the higher order PL fea-
tures. For instances where a single �n ,m� assignment was
still indeterminable and where the potential assignments dis-

played a difference in mod characteristic �i.e., one assign-
ment is mod 1, whereas the other is mod 2�, an examination
of the energy difference between the E33 and E44 features,
�E, was made. Nanotubes displaying E33 /E44 features that
are relatively closely spaced in energy ��E�300 meV� were
considered to be more likely of the mod 2 variety, while
nanotubes with fairly large �E were considered more likely
to be mod 1. We also looked at any closely spaced E33 /E44

features for possible phonon-assisted photoluminescence due
to either RBM or G-mode phonons. Such phonon-assisted
PL features were not included in our reported data.

Additionally, we were able to use the Raman assignments
obtained in the previous section to “anchor” certain parts of
the PLE map, further enabling assignments of additional
chiralities �such as the �10,6� and �9,8� and nearby chirali-
ties�. Finally, so as to confirm these assignments as well as
suggest assignments for undetermined features, patterns ob-
served in an analogous plot of correlated ETB energies,
while offset from the experimental data in a manner similar
to that found in the Raman data, provided a useful guide for
the assignment of the final transitions not obtained by the
above approaches. The resulting assignments and E33 and
E44 transition energies are highlighted in Fig. 5 and listed in
Table II. The listed features �and energies used in the analy-
sis discussed below� are only for those chiralities that we feel
have been assigned with the highest confidence.

FIG. 5. �Color� 2D intensity map showing the nanotube photo-
luminescence intensity as a function of emission energy, as the ex-
citation energy is varied. Chirality assignments for selected E33 and
E44 features are highlighted.

TABLE II. Observed values for third �E33� and fourth �E44�
optical transition energies obtained from the PLE data for a given
�n ,m� chirality nanotube with diameter dt and chiral angle �.

�n ,m�
dt

�nm�
�

�deg�
E33

�eV�
E44

�eV�

�6,4�a 0.692 23.41 3.93a

�6,5� 0.757 27 3.6 4.11

�8,3�a 0.782 15.3 3.53a 4.02a

�7,5� 0.829 24.5 3.68 4.29

�7,6� 0.895 27.46 3.34 3.87

�10,2�a 0.884 8.95 3.33a 3.91a

�9,4�a 0.916 17.48 3.43a 3.62a

�8,6� 0.966 25.28 3.35 3.54

�11,1� 0.916 4.31 4.24

�9,5� 0.976 20.63 3.05

�8,7� 1.032 27.8 3.07 3.59

�12,1�a 0.995 3.96 3.18a

�11,3�a 1.014 11.74 3.23a 3.51a

�10,5� 1.05 19.11 3.27

�9,7� 1.103 25.87 3.05 3.33

�10,6� 1.111 21.79 2.82 3.6

�9,8� 1.17 28.05 2.82 3.33

�10,8� 1.24 26.33 2.79 3.1

aEnergies for E33 and E44 for these chiralities must be exchanged.
Because of the crossover effect �see discussion�, energy ordering is
reversed in these cases.
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IV. DISCUSSION

A. Transition level and Raman intensities

It is important to note that the intensities observed in the
RBM spectra obtained here are about an order of magnitude
weaker than found for spectra obtained at resonance with the
E22 transitions. This behavior is also reported in Ref. 10, in
which RBM features resonant with E33 or E44 transitions are
significantly weaker than those resonant with E11 or E22.
These reduced intensities for the higher lying nanotube tran-
sitions continue the trend previously observed in Ref. 33. In
that work, RBM intensities observed at resonance with E22
excitation were significantly lower �by 1 or more orders of
magnitude� than those observed at resonance with E11 exci-
tation for identical nanotube chiralities. Loss of intensity was
observed for all chiralities, despite the expectation that it
should increase for mod 2 nanotubes due to an increase in
the magnitude of their exciton-phonon coupling �see below�.
The decreased intensities were attributed to the more rapid
dephasing of the E22 exciton, as manifested by an increase in
gamma values.33 Resonance linewidths were found to in-
crease from 20–30 meV for E11 to 50–70 meV for E22. We
find here �Table I� that gamma values continue to increase on
going to E33 excitation, with observed values being twice
those found for E22, and ranging from 110 to 130 meV.
These results suggest that exciton decay rates will further
increase as one excites to higher energy, as is consistent with
the stronger vibronic interactions and accelerated relaxation
processes found at higher excitation energies in molecular
photophysics.

An additional contributing factor to the intensity behavior
within the E33 and E44 transitions is how the exciton-phonon
coupling is affected at these excitation levels. For example, it
has been observed that the chiral angle dependence of
exciton-phonon coupling results in a decrease in RBM inten-
sity as the chiral angle ��� increases within a particular 2n
+m branch.4,34,35 Such a trend is, in fact, observed for the
2n+m=26 branch with E33 excitation. Progressing from the
zigzag �13,0� ��=0° � to near-armchair �9,8� ��=28° �
chiralities, we observe a steady decrease in intensity of the
respective RBM. Another anticipated effect on the exciton-
phonon coupling is its dependence on the semiconductor
type. Previous reports2,34,36 have shown that with E22 excita-
tion, mod 2 tubes have larger coupling �and therefore RBM
intensity� than mod 1. In general, this dependence is reversed
in E11 excitation and is also expected to reverse for the E33
transition. Thus, for excitation into E33, we should expect to
see primarily mod 1 RBM features. This is in agreement with
the chiralities observed in our Raman spectra. Except for the
�14,3� chirality, all observed semiconductors are mod 1. That
the mod 2 �14,3� chirality is observed suggests that reso-
nance excitation is with E44 rather than E33 for this nanotube.
We confirm this hypothesis in the next section.

B. Transition crossing and observed energies

E33 transition energies determined from the Raman and
PLE results are on average 70 meV larger than those calcu-
lated in the ETB approach. This positive deviation is in good

alignment with the previous results of Araujo et al.10 The
trends found in the E44 energies are more complex. The posi-
tive deviations in observed energies can be understood in
terms of how the exciton many-body contributions change as
one accesses the higher order nanotube transitions. The be-
havior of these many-body effects can be extracted from the
experimental transition energies by using an analysis similar
to that used in Ref. 10. We find that applying this analysis to
our data reveals interesting behavior that is not evident in the
previous analysis, as applied to larger diameter nanotubes.

The nanotube transition energy can be dissected into con-
tributions from the diameter-dependent single-particle energy
expected from quantum confinement of the 2D electronic
structure of graphene, the chiral angle ��� dependent effects
of trigonal warping, and many-body excitonic effects. The
quantum confinement energy may be given as h�F�4p /3dt�,
where �F is the Fermi velocity, dt is the nanotube diameter,
and p=1,2 ,3 ,4 ,5 for E11

S , E22
S , E11

M , E33
S , and E44

S ,
respectively.37 Trigonal warping perturbation27,28 raises or
lowers these energies in a chiral angle dependent fashion to
produce the now-familiar branching patterns observed in
PLE and Raman data.1,3–5,10 This contribution may be ap-
proximated by the term 	p cos 3� /dt

2, where 	p is +0.42 for
E33 �−0.40 for E44� for mod 2 nanotubes and is −0.42 for E33
�+0.40 for E44� for mod 1 nanotubes.10 What remains after
removal of this term and the linearly dependent quantum
confinement term from the experimentally determined tran-
sition energies is the excitonic contribution of the many-body
effects, which may be approximated by a logarithmic scaling
of energies,12,19 also dependent on p /dt. Each of these con-
tributions is expressed in10

Eii�p,dt� − 	p cos 3�/dt
2 = a

p

dt
�1 + b log

c

p/dt
	 , �3�

in which a, b, and c are fitting parameters and Eii�p ,dt� is the
experimentally determined transition energy.

In Fig. 6�a�, we subtract the trigonal warping term from
our experimentally determined E33

S and E44
S transition ener-

gies and plot the result as a function of p /dt. These results
are compared to two different trend lines. The first �lower
line� is the result of Eq. �3� when applied to E11

S and E22
S

transition energies, with a, b, and c equaling 1.049 eV nm,
0.456, and 0.812 nm−1, respectively.10 The work of Araujo et
al. showed that the E33

S and E44
S energies deviate from this

behavior by the term 0.305 /dt. We show the resulting E33
S

and E44
S trend line as the second, upper curve. Inspection of

Fig. 6�a� leads to two notable observations. The first is that
while the majority of the observed chiralities appear to fall
on a smooth trend line, a handful of designated chiralities
�highlighted by circles� add significant scatter to this pattern.
The second observation is that although energies for the larg-
est diameter nanotubes in our data set �0.9–1.2 nm� repro-
duce with excellent agreement the E33

S and E44
S trend line of

Ref. 10, energies for the smallest diameter nanotubes show a
significant negative deviation from this trend �beginning at dt
values of about 0.9 nm�. This deviation is most dramatically
shown by the E44 value for the �6,5� chirality, which is so
low that it reaches the original E11 and E22 scaling-law trend
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line. We address first the problem of the appearance of sig-
nificant scatter for certain chiralities. The negative deviation
of the E33 and E44 scaling behavior for small diameter nano-
tubes is discussed in the following section.

The large deviation and scatter from the E33 and E44
scaling-law line for the �6,4�, �8,3�, �9,4�, �10,2�, �11,3�, and
�12,1� chiralities is a previously unobserved manifestation of
a trigonal warping effect that only becomes evident as one
accesses the higher lying transitions of small diameter nano-
tubes. This behavior is, in a sense, a more extreme conse-
quence of the underlying causes of the branching energy
spread found along a given 2n+m value. Within the graphite
Brillouin zone, trigonal warping results in equienergy con-

tours that are distorted from circles into a more triangular
shape, with apex along the K-M line and base along the �-K
line. For mod 2 semiconducting types, the E11 and E33 tran-
sitions originate in the K-M valley, while E22 and E44 origi-
nate from the �-K valley. As a result, as one goes from
near-armchair to near-zigzag chiralities within a 2n+m
branch, the E11 and E22 energies curve toward each other, as
do the E33 and E44 energies. These higher order transitions
occur in a region of greater trigonal distortion of the energy
surfaces so that the difference between E33 and E44 energies
can become quite small. In particular cases, the effect can
even reverse the ordering of their energies. This reversal of
energy ordering can be seen in a Kataura plot of ETB calcu-
lated energies vs RBM frequency �Fig. 7�. In this plot, we
see that for certain chiralities at these higher energies, the E33
and E44 energies are predicted to cross over. We note that the
smallest diameter branches are most strongly affected by this
phenomenon. Of the chiralities that we observe, the �6,4�,
�8,3�, �9,4�, �10,2�, �11,3�, and �12,1� nanotubes �highlighted
in Fig. 7� would be expected to show this crossover effect.
We conclude that the E33 /E44 crossover phenomenon is re-
sponsible for the scattered behavior of these chiralities seen
in Fig. 6�a�.

The results shown in Fig. 7 suggest that, for these higher
order transitions, the correct Eii assignment is not necessarily
obtained by simple ordering of spectral features according to
transition energy. Specifically, for the �6,4�, �8,3�, �9,4�,
�10,2�, �11,3�, and �12,1� nanotubes, an exchange of the E33
and E44 energy assignments shown in Table II is indicated.
To appropriately account for this assignment change in the
analysis of Fig. 6�a�, the correct values of 	p and p �deter-
mined by choice of Eii� must be paired with the correspond-
ing energies. Our results after applying this energy reorder-
ing are plotted in Fig. 6�b�. A smooth behavior across the
whole range of data is now seen. This analysis can therefore
be taken as a strong experimental evidence supporting the
energy crossover effect. Thus, at higher energies, care must
be taken in assigning Eii values to observed spectral features.
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FIG. 6. �Color� �a� Corrected E33 and E44 transition energies
�Eexp−	p cos 3� /dt

2� as a function of p /d, where p=4 and 5, re-
spectively. E33 data are obtained from Raman �black squares� and
PLE �red circles� measurements, while E44 data �green triangles� are
obtained from the PLE measurement. Energy assignments to E33

and E44 features are chosen directly from their respective ordering
from the experimental results. Results are compared to scaling-law
lines from Ref. 10 for E33 and E44 �upper line� and E11 and E22

�lower line behavior�, see Eq. �3�. Chiralities showing significant
scatter from the scaling-law behavior are designated and high-
lighted by circles. �b� The data of part �a� replotted after correcting
the energy ordering of the �14,3�, �12,1�, �11,3�, �10,2�, �9,4�, �8,3�,
and �6,4� chiralities for the effect of branch crossover.
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FIG. 7. �Color online� ETB calculated �Ref. 16� E33 and E44

transition energies as a function of RBM frequency for mod 1
�circles� and mod 2 �triangles� species. Branch crossover effect of
E33 and E44 energy behaviors is illustrated, with specific chiralities
and branches relevant to Fig. 6�a� highlighted.
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Eii should not be deduced simply on the basis of energy
ordering but more correctly from its basis in symmetry with
respect to the K point, as defined by the ordering of the
respective cutting lines.

One consequence of the minimization of the energy dif-
ference between E33 and E44 and the crossing over of these
transitions in mod 2 nanotubes is the possibility of observing
Raman interference effects.38,39 While Raman interference
could potentially impact the observed excitation profile for
the �14,3� chirality, the symmetric appearance of the data
�Fig. 3�d�� suggests that any interference effects are mini-
mized. This is likely a result of the E33 transition strength
being significantly reduced via exciton-phonon coupling
effects.33–36 For the remaining chiralities observed in the Ra-
man spectra, interference effects are not likely since these are
mod 1 nanotubes whose E33 and E44 energies spread away
from each other �see Fig. 7�.

Deviations from the trends found within the scaling-law
analysis can thus be used to identify the energy crossover
effect and may be used as an additional tool to aid in assign-
ing spectral features. We apply this result to make a secure
assignment of the �14,3� feature observed in the RBM Ra-
man excitation profiles. As seen in Fig. 6�a�, if this feature is
identified as the E33 transition, a significant deviation from
the scaling-law line results, in a region where excellent
agreement is found for similar diameter nanotubes. Figures
2�b� and 6�b� show that crossover of the E33 and E44 transi-
tions is expected to occur for this chirality. If the �14,3� spec-
tral feature is instead assigned to the E44 transition, we find
close agreement to the scaling-law trend �see Fig. 6�b��. As-
signment as the E44 feature also preserves the trend in ex-
pected intensities for mod 2 semiconductor types, as dis-
cussed in the previous section. Finally, we note that the �7,5�
feature assigned as E44 also deviates significantly from the
expected trends �Fig. 6�b��. It is likely that this feature is
instead an E55 transition. This revised assignment will also
bring the �7,5� point into alignment with the generally ob-
served trends.

C. Curvature effects on higher order exciton energies

The two different trend lines in Fig. 6 effectively illustrate
the difference in behavior of SWNT excitonic energy contri-
butions in higher energy transitions. The many-body effects
contribute as the difference �
−Ebd� between the electron
self-energy �
� and the exciton binding energy �Ebd�. This
difference is found to be significantly larger for E33 and E44
because the self-energy increases considerably relative to Ebd
for higher order transitions40 and is suggested to be the origin
of the differing trend lines in Fig. 6. Additionally, at smaller
diameters, Sato et al.40 found a significant chiral angle de-
pendence and/or energy spread in the E33 and E44 many-body
contributions that is not present for E11 and E22. The energy
spread in the many-body term appears to arise primarily
from Ebd. Thus, while the chiral angle dependence in E11 and
E22 appears mainly as the branching energy spread in the
single-particle energies, the energy spread in the many-body
term adds a significant source of chiral angle dependence in
E33 and E44.

It is important to note, however, that the single-particle
and many-body sources of energy spread contribute in oppo-
site directions.40 In the case of mod 2 semiconductors, for
example, the single-particle contribution is positive, while
that from the many-body chiral angle dependence is nega-
tive. Thus, when we apply the 	p cos 3� /dt

2 term to remove
the single-particle energy spread, the negative-going compo-
nent from the many-body effects remains. The net effect is
that applying the 	p cos 3� /dt

2 term overcorrects for the en-
ergy spread behavior in small diameter nanotubes and results
in the negative-going trend away from the E33 and E44
scaling-law lines shown in Fig. 6. This is predicted to be
most pronounced for near-zigzag chiralities40 and is sup-
ported by our data. In contrast, one would expect the oppo-
site behavior for mod 1 semiconductors, with an overcorrec-
tion resulting in positive deviations from the scaling-law line
for these nanotube types. However, the mod 1 nanotubes we
observe in our results are near-armchair chiralities, for which
the energy spread effect should be minimal. The negative-
going trend in these types arises from another effect.

In general, the electron self-energy is expected to be only
weakly dependent on the chiral angle.40 For higher order
transitions and smaller diameters, however, this expectation
breaks down and a significant � dependence is predicted.40 In
particular, in E44, 
 for mod 1 nanotubes is expected to de-
crease significantly as the chiral angle increases. Near-
armchair mod 1 chiralities should therefore show a signifi-
cant negative-going trend in the plots of Figs. 6�a� and 6�b�.
This is, in fact, what we observe, with the effect most clearly
being seen for the �6,5� and �7,6� chiralities. The decrease in

 as � increases is predicted to become less important in E33
and for mod 2 nanotubes, but it can be an additional minor
source of the negative-going trend observed in our data.

V. CONCLUSIONS

Extending Raman and photoluminescence excitation pro-
filing of nanotubes into the UV has provided access to higher
lying exciton transitions for small diameter nanotubes and
has allowed us to assign their E33 and E44 spectral features.
This extended excitation range has demonstrated a further
continuation of some previously observed trends, including
exciton-phonon coupling trends, the increase in magnitude of
�, and scaling-law behavior of the largest diameter nano-
tubes in our study. More importantly, however, this has also
allowed the observation of unique curvature effects. We have
experimentally verified an extension of trigonal warping ef-
fects by showing that the energy crossover behavior along
selected 2n+m branch lines has physically observable con-
sequences. Additionally, a number of predictions of recent
theoretical studies40 on the chirality dependence of many-
body effects have now been experimentally verified. Our ob-
servation of a negative deviation from the large diameter E33
and E44 scaling-law trend line of Araujo et al.10 clearly dem-
onstrates the existence of these effects and also confirms the
sign of chirality-dependent trends expected for both self-
energy and binding energy. These results provide an experi-
mental foundation for further probing the potential sensitiv-
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ity of these spectral effects to nanotube environment.
Recognizing and understanding the trends observed here can
greatly assist in the assignment of spectral features in this
increasingly crowded spectral region as the Eii transitions
tend to broaden and merge together. The scaling-law analysis
can be a particularly powerful tool in that regard. This region
will be a fruitful arena in which to further explore nanotube
properties that become evident only at small diameters and
high energies.
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